Using the formalism developed earlier, we treat spontaneous emission from a three-level atom (ladder system) interacting with a broadband squeezed vacuum field. We obtain expressions for the transient and steady-state populations of the atomic levels with the conditions that the atom interacts with either a multimode perfect squeezed vacuum field, or a three-dimensional vacuum field in which the squeezed modes lie within a solid angle over which squeezing is propagated. The results are compared with those obtained for the atom interacting with a thermal field. We show that in the perfect case the first excited state is not populated when the squeezed vacuum field is in a minimum-uncertainty squeezed state. Moreover, the second excited state can have a steady-state population larger than~. These features are completely absent when the atom interacts with the thermal field. In addition, for a low-intensity squeezed vacuum field the population in the second excited state exhibits a linear rather than quadratic dependence on the intensity of the squeezed vacuum field. In the three-dimensional case the presence of unsqueezed modes considerably reduces the effect of squeezing on spontaneous emission. However, a significant reduction in a population of the first excited state and a population larger thanin the second excited state can be achieved provided the squeezing is propagated over a large solid angle. We also discuss the effect of the twophoton detuning between the double carrier frequency of the squeezing and atomic transition frequency co3 on the steady-state atomic population.
I. INTRODUCTION
In the preceding paper' (henceforth referred to as I), a master-equation formalism was developed to study the interaction between a three-level atom in the cascade configuration (ladder system) and a broadband squeezedvacuum field. As an illustration, we now apply this formalism to the calculation of spontaneous emission, especially to obtain information about the population of the atomic levels.
It is reasonable to expect that when an atom is interacting with a squeezed-vacuum field the atomic dynamics will be strongly affected. A particularly interesting effect of squeezed light on atomic dynamics is the proposed inhibition of atomic phase decay. It has been shown by Gardiner that the two quadratures of the atomic polarization may be damped at different rates, one exhibiting an enhanced decay rate and the other a reduced decay rate compared with the normal radiative decay of the atom. This modification opens the possibility of obtaining subnatural linewidths in resonance Auorescence and in the weak-field atomic absorption spectrum. For experimental observation of the inhibition of atomic phase decay Parkins and Gardiner have proposed a three-dimensional model of interaction between a two-level atom and the squeezed input light. In this model the two-level atom is located in a microscopic planemirror Fabry-Perot cavity, and interacts with a squeezed input field, incident over some finite solid angle. All other modes are in an ordinary vacuum state. With this modification they have demonstrated that a significant reduction in Auctuations experienced by the atom can be achieved in one quadrature when the atom is located at the point at which the input squeezed field is focused. The reduction in fluctuations depends also on the solid angle 0 over which squeezing is propagated, and increases with increasing A.
In recent studies of the applications of squeezed light, multiatom effects in a squeezed vacuum field have been studied. These show some very interesting deviations from the ordinary decay and ordinary emission spectra. In particular, the multiatom resonance Auorescence spectrum in a squeezed vacuum demonstrates an asymmetry under off-resonance excitation by an external coherent laser field. Moreover, a system of atoms interacting with a squeezed vacuum field may generate pairwise atomic squeezed states, and a new class of states, which satisfy the equality sign in the Heisenberg uncertainty relation for angular momentum operators, called intelligent spin coherent states. ' Further work has also been done to incorporate the effect of pumping a single-mode multiatom laser system" with squeezed light. These investigations have shown that the anisotropy in the noise of the squeezed field leads to a locking of the laser's phase. Haake, Walls, and Collett' have shown how this squeezed-pump-laser model may be realized in practice, with an example of three-level atoms inside an optical cavity pumped by two independent squeezed fields.
In the present paper we demonstrate the effect of squeezed-vacuum field on the dynamics of a three-level atom. In Sec. II, using the master equations derived in paper I, we discuss the equation of motion for the popu- 43 6258 Oc1991 The American Physical Society lation of the atomic levels when the atom interacts with either a multimode one-dimensional squeezed vacuum field, or a three-dimensional vacuum field in which the squeezed modes lie within a solid angle over which squeezing is propagated. In Sec. III we develop complete dynamical solutions of the equations when the atom interacts with the resonant perfect squeezed vacuum field and find that the system evolves into a steady-state condition that exhibits a number of novel features. We discuss the dependence of the steady-state population distribution upon the intensities of the incident squeezed light, the ratio between the decay constants for both excited states, and the two-photon detuning between the double frequency of the incident squeezed light and transition frequency from the ground to the second excited state. In Sec. IV we obtain solutions for the steady-state population of the atomic levels when the atom interacts with the imperfect squeezed-vacuum field. We discuss the dependence of the steady-state population distribution upon the angle 0 over which squeezing is propagated. In Sec. V we discuss the effect of off-resonance excitation on the steady-state population of the atomic levels. In Sec.
VI we summarize our results. In Appendix A we give an alternative derivation, based on the second-order perturbation theory, of the intensity dependence of the population in the second excited state. The results are in good agreement with the overall master-equation approach.
II. ATOMIC-LEVEL POPULATIONS IN A SQUEEZED VACUUM
In this section, we apply the master equation (I-20), where I refers to the preceding paper, to obtain equations for the populations of the atomic levels. These equations are fundamental to our theory of a three-level atom interacting with a squeezed-vacuum field. We note that equation (I-20) is applicable, with appropriate interpretation, to either wave guided or three-dimensional squeezed fields. The only differences are in the decay rates, and in the squeezing coeScients M and N. 
The vector X has the following components:
while the vector P has the components P, =o, P, =N, , P, = V~/m/, P-, =/m[n».
(4) = 2y, t, a = y2/y i, (coi +c02 2') Aco;. 7 y1 (6) For simplicity, In Eqs.
(2) -(5) we have introduced the notation where y; =y;;, b, co&, hen&, and Ace;-are the damping constants and frequency shifts defined by (I-21), and co is the carrier frequency of the squeezed-vacuum field whose double frequency 2' is tuned close to the atomic transition frequency co3 = coi+~2
With the full, three-dimensional master equation the matrix elements pii fulfill an equation of motion identical to Eq. (2), except with the parameters N; and~M~replaced by the parameters (I-36), which vary with the angle that is squeezed. Moreover, in three dimensions y; =y;;, hco"b,co"and hen; are defined by (I-37).
It is evident from Eqs. (2) -(4) that the squeezed vacuum field, which is characterized by the parameter M, introduces a coupling of the atomic-state populations with the two-photon coherences p&3 and p3&. This coupling of the atomic populations with the two-photon coherences is due to the fact that the squeezed-vacuum field contains strong internal two-photon correlations that are transferred to the atomic system. Moreover, this coupling is dependent on the generalized decay constant r)iz=&ayi. Clearly, pic plays an important role in the interaction of a three-level atom with a squeezed vacuum field.
Since U(8) only alters the extent of squeezing, from this point on we will use the parameters M and X; only. Whether the system is of one or more dimensions, it is the efFective squeezing parameter M and efFective mean photon numbers X; that determine the resulting populations and time evolution.
To simplify Eq. (2), we will ignore the Lamb shift 5, and the shifts 6, and 6;-. In Appendix B we show that these parameters are negligibly small when the carrier frequency cu of the squeezed field is tuned close to the atomic frequencies co& and co&, given a typical model of the squeezed radiation produced by a finite-bandwidth nondegenerate parametric amplifier.
III. RESONANT EXCITATION: PERFECT SQUEEZING
To obtain information about the time evolution of the atomic-level populations we have to solve the set of equations (2). Equation (2) can be easily solved by Laplace transform techniques. We will first consider the case in which the double carrier frequency of the squeezing is resonant with the atomic transition frequency~3, i.e. , 5 =0. Moreover, we shall assume that the atom interacts with a perfect squeezed vacuum field. This holds when the atom interacts with a multimode one-dimensional squeezed vacuum field or when a multimode threedimensional squeezed field propagates over the angle 0=~, which corresponds to a perfect electric-dipole wave. With these assumptions the time evolution of the populations in the excited atomic levels, given an initial ground state, is
where, for simplicity, we have introduced the notation Fig. 1 the time evolution of the atomic population is shown for X& =%&=0. 2, o, = 1, and difFerent degrees of squeezing. These graphs show that the atomic population is strongly dependent on the strength of the squeezing. As the degree of squeezing increases, the population of the first excited state 12) decreases [see Fig. 1 for minimum-uncertainty squeezed states. The squeezed vacuum field also introduces a dependence of the atomic population on the ratio Figure 2 shows the atomic populations pzz(r) and p33( r ) for N = 0.2, with minimum-uncertainty squeezed states and difFerent values of a. It is obvious that the atomic-state populations increase as the ratio e de-and
where w, m, and a are defined in Eq. (9).
The above steady-state solutions, apart from the parameters N, and Nz, also include the absolute value of the parameter M, which means that the squeezed vacuum creases. In addition, for very small a ( a ((1 ) the steady-state population of the second excited state 13 ) is greater than -, ' [see Fig. 2(b) ]. For N, =N3 the steadystate population of the first excited state 2) is equal to zero, independent of a. These features are completely absent when the atom interacts with a thermal field. In order to show this more quantitatively, we consider the steady-state populations of the excited atomic levels.
From Eqs. (7) and (8) 
field changes the steady-state atomic population. When the squeezed vacuum field is replaced by a thermal field at a temperature T, we find that N"Nz%0,~M~= 0, and the steady-state atomic populations are (3NtNz+2N, +Nz+1) (13) In this case the steady-state populations pzz and p33 depend on the relation between X, and Xz and are independent of the ratio a. For X& ))1 and Xz ((1 one finds pzz=O. 5 and p33 pXp In this case the first excited statẽ 2) is highly populated, whereas the second excited state 3) has a very small population. For N, =Nz))1 the populations pzz and p33 asymptotically approach the limit In this case all atomic states are populated with the 3 same probability. 
Here, the population of the first excited state~2) is always equal to zero, independent of the relation between N& and N2, whereas the population of the second excited state~3 ) can be greater than -, '. In fact, if a is small then p33 1. Just as in the case N, ) N2 we can obtain a total population inversion in a three-level atom interacting with the squeezed-vacuum field. These new effects, which do not appear in a normal vacuum as well as in a thermal field, are due to the fact that the squeezed vacuum field contains strong internal two-photon correlations that are transferred to the atomic system. These correlations generate two-photon transitions in the three-level atom, which directly transfer atomic population from the ground state 1) to the second excited state~3) without population of the state~2) . These lead to high population of the state~3 ) .
It is interesting to note from Eq. (7) that in a lowintensity incident field (Ni, Nz « 1) the time evolution of the population of the~3 ) state in a thermal field (~M~= 0) has a quadratic dependence on N. For N, = N2 =N this has the form 2 p33(r)=
[(1a)e '+ae '] . 33 (1 ) In a squeezed-vacuum field, however, the time evolution of the population p33(r) depends linearly on N, and for the minimum-uncertainty squeezed states has the form p33(r)= -(1 -2e '~+ e ') .
CX
This unexpected linear dependence on N of the popula-I Here the population of the state~2) depends on the difference (N, Nz) of the intensities of the modes at the frequencies co& and~2 , and is close to zero when (N& -Nz ) is not too large. For N& ))Nz ))1 the population p22 asymptotically approaches -, '. On the other hand, the population of the state~3 ) is proportional to Nz and, unlike the population in a thermal field, now depends on the ratio a=@2/y&. This dependence gives the possibility of obtaining the population in the state 3 ) as greater than -, '. For example, when N& =N2 and e is very small (a«1), then p33=Nz/N, . This can be close to 1 for N2=N, . In this case we can obtain an inversion of the atomic population, which cannot be obtained in a thermal field excitation. Now consider the minimum-uncertainty situation when Nz &N, . From Eq. (I-7) we have that, for the minimum-uncertainty squeezed states,~M~=Ni(1 +Nz). Thus Eqs. (10) and (11) lead to (16) tion p33(r) may be explained heuristically as follows. In a thermal field there are no internal two-photon correlations and the transition~1)~~3 ) appears as a two step transition~1 )~~2 )~~3 ) . At low intensity these two transitions are both proportional to intensity N, resulting in a quadratic dependence on N of the two-photon transi-tion~1)~~3). In the squeezed-vacuum field, however, there exists highly correlated photon pairs that can effectively transfer the atomic population from~1) to~3 ) in a single step proportional to N. In Appendix A we give another derivation of the linear dependence of the population p33(r) on the intensity of the squeezed field using second-order perturbation theory. In this derivation it is clear that there are two ways to populate state~3), either through intensity terms like N, or through coherence terms like~M~. It is the M~terms that dominate at low intensity, and since~M~=N at low intensities, there is a linear intensity dependence in a minimumuncertainty squeezed state.
Recently, Gea-Banacloche' and Javanainen and
Gould' reported that the low-intensity two-photon transition rate in a three-level atom interacting with a squeezed-vacuum field is linearly dependent on the intensity of squeezing, giving results similar to ours.
IV. EFFECTS OF IMPERFECT SQUEEZING
In this section, we investigate in more detai1 the effects of imperfect squeezing, or "nonideal" coupling between the three-leve1 atom and the squeezed vacuum field. In paper I we have derived the master equation for the atomic density operator p, assuming that the atom interacts with a three-dimensional vacuum field in which squeezed modes have propagation vectors inside a solid angle Q. This "nonideal" coupling between the atom and the squeezed vacuum field means that the atom interacts not only with the squeezed modes but also with ordinary (unsqueezed) vacuum modes. As stated earlier, the master equation (I-20) for the occupation probabilities p;; of the atomic levels leads to a closed system of equation of motion identical to Eq. (2), but with N; and M replaced by the parameters (I-36). In this case the squeezing parameters N; and M are dependent on the angle 0 over which squeezing is propagated.
When the angle 0 is smaller than ir, then v(0) is smaller than 1, and the effect of squeezing on the atomic population distribution can be reduced. In order to show this, consider the steady-state populations of the atomic levels~2) and~3 ).
Replacing N, and M by the input field parameters (I-36) and for minimum-uncertainty squeezed states, Eqs. is different from zero. In contrast, in the one-dimensional case for perfect squeezing the population p2z is equal to zero. This difference is due to the fact that in the onedimensional case we have assumed that all modes interacting with the atom are squeezed, while in the threedimensional case only those modes are squeezed whose propagation vectors lie inside the angle 0 over which squeezing is propagated. The value of the population in the state~2) is now dependent on the angle 0, and can be significantly reduced when 0 is large. This is shown in Fig. 3 , where the steady-state population p22 given by Eq. (10) is plotted versus the angle 0 for the thermal field and for the minimum-uncertainty squeezed field. It is evident that a pronounced reduction of the population in the state~2) can be achieved for large values of 0. For 0=m, which is the case when all modes of the threedimensional field are squeezed, the population of the state 2) is equal to zero, just as for the one-dimensional squeezed field. Figure 4 illustrates the effect of the ratio o. '=@2/y& on the stationary population of the state~3). We plot p33, given by Eq. (23), as a function of the angle 0 for N, = Nz = 1, and different values of e, and compare them with the value of population p33 for the thermal field. It is seen that a large difference appears between the populations p33 in the thermal field and the squeezed-vacuum field. This difference increases when a decreases and is due to the fact that the strong two-photon correlations contained in the squeezed field involve the two-photon transition~1)~~3) leading to an increase of the population in the level~3 ). In addition, for small a (rz && 1) the transition rate~3 ) -+~2 ) is small, which enlarges the population in the level~3 ). Figure 5 shows the stationary populations p33 as a function of N (N =N, =N2 ) when the squeezedvacuum field is incident over the angle 0=120', in comparison with a thermal Geld. For an incident thermal field, the population p33 increases with increasing N .
The maximum value is -, ' for N &)1. In the squeezed vacuum field, however, the population p33 increases with I increasing N, attains its maximum value for moderate N, unsqueezed modes still does allow a significant reduction of the population in the state~2) and inversion of the atomic population, provided the angle 0 over which squeezing is propagated is suKciently large. Moreover, from Eq. (23), for a weak intensity of the squeezed vacuum field the population of the level~3 ) is proportional to u (8)N&, which means that its linear dependence on the intensity of the squeezed Geld is not affected by the presence of the unsqueezed modes. We expect that even more dramatic effects would occur for a three-level atom placed inside a three-dimensional microcavity, as this could be used to reduce the relative coupling of unsqueezed modes.
V. OFF-RESONANCE EXCITATION
Let us now consider the case in which b, &0. In this case a finite two-photon detuning exists between the atomic transition co3 and the double carrier frequency of the squeezing. From Eq.
(2) with the perfect squeezing the steady-state solutions for the populations of the excit- For a thermal field, M~=0, and the steady-state populations (24) and (25) are independent of b, . If the atom interacts with a squeezed-vacuum field, N, , Nz&0,~M~NO, and the stationary population of the atomic excited states depends on the two-photon detuning A. For 6%0 the population of the first excited state~2) depends on the ratio a=yz/y, . This is in contrast to the exact resonance (b, =O) where this population is independent of a [see Eq. (10)]. Moreover, for AWO the population of the state~2) is different from zero even for a minimumuncertainty squeezed state.
These results are shown in Fig. 6(a) , where the steadystate population pz2 is plotted as a function 6 for a =1 and different N& =N2=N. It is evident from Fig. 6(a) that the population of state~2 ) is zero only for 6 =0 and increases as b,~increases. The population of the second excited state~3) takes a maximum value at 6 =0 and decreases with increasing b,~. In Fig. 6(b) the steady-state population p33 is plotted against the detuning 6 for a = 1 and different X, =N2=%. It should be noted here that for a large detuning 6 (~b,~))1) both the steady-state populations (24) and (25) go to their thermal equilibrium values and are independent of the degree of squeezing.
Moreover, for large 6 the population p33 is proportional to X rather than to X as for 6=0.
For imperfect squeezing the populations of the excited atomic levels are given by equations identical to Eqs. (24) and (25), but with N; and M replaced by the parameters (I-36). In this case the population of the atomic levels depends on the two-photon detuning as well as on the angle 0 over which squeezing is propagated. Figure 7 shows a dependence of the atomic populations pz2 and p33 on the two-photon detuning, with minimum-uncertainty squeezed states for y, =y2, X, =%&=1.0 and different values of 0. It is obvious from Fig. 7 that the atomicstate populations are sensitive to the angle 0 over which squeezing is propagated. For small 0 the populations p22 and p33 show a small sensitivity to the two-photon detuning. As the angle 9 increases the population pi2 (p33) shows a pronounced minimum (maximum) at 6=0. For 0=~, which is the case when all modes of the threedimensional field are squeezed, the population pzz is equal to zero as for perfect squeezing, when 6 =0.
The present analysis of dependence of the atomic population on the two-photon detuning can be experimentally verified using, for example, two-photon absorption spectroscopy techniques. ' Because the Auorescence from the middle and the highest states is proportional to y,p22
and y2p33 respectively, one can model these experiments by monitoring the intensity of the fIuorescence from the middle or highest states as a function of the two-photon detuning. Figure 7 shows the frequency dependence of the intensity of the fiuorescence from the middle~2) and the highest~3) states. These features are completely absent when the atom interacts with a thermal field. Our results indicate, for the first time, the possible applications of wide-band squeezed vacuum fields in two-photon spectroscopy.
VI. SUMMARY
Starting from the master equations derived in paper I, we have considered here the effect of the squeezedvacuum field on the atomic population distribution in a three-level atom. We have shown that when the atom interacts with a multimode broadband vacuum field with perfectly mode-matching squeezing the first excited statẽ 2 ) of the atom is not populated in the steady state.
Moreover, the second excited state~3) can be populated with a probability greater than -, '. However, this happens only when the ratio a = y2/y i of the spontaneousemission rates yi and y& for the transitions~3)~~2) and 2)~~1), respectively, is much smaller than 1. Further analysis shows that for a low intensity X of the squeezed-vacuum field, the population in the state 3 is proportional to N. This i is is in contrast to the case w the atom interacts w'th th h wh th popi e t ermal field wh ou e requency of the squeezed vacuum field is de from the frequency co of h or or a = 1.0, minimum-uncertainty squeezed~~ than m. This leads also to a lower population in the state 3 ). Despite this, for a sufficiently large angle 8 it is still possible to obtain a significant reduction of the population in the state 2 ) and the occupation probability of the state~3) greater than -, '.
The present analysis of interaction between the threelevel atom and squeezed-vacuum field shows that steadystate atomic populations are sensitive to the squeezedvacuumatom coupling. This is distinct from the two-level atom case, where only polarization dynamics are altered. As has been shown in this paper, in the experimentally more realistic three-dimensional case the detection of the effects induced by the squeezed vacuum field is possible, but it is an open question as to whether these effects are accessible to observation. However, it appears likely that direct effects on atomic populations will be more readily detectable than the indirect effects on decay rates that occur in two-level-atom cases. 
In Eq. (Al), l %(0) ) is the state of the system at time t =0
given by
where l 1) is the ground state of the atom. The state lr(co), p(co) ) is the initial state of the field, which we as-We found in Sec. III that at low intensity 2V of the incident squeezed-vacuum field the time evolution of the population in the state l3) depends linearly on N. By contrast, in the thermal field case the time evolution of the population in the state l 3 ) depends on N . We have explained this e6'ect as connected with the two-photon transitions induced by the squeezed-vacuum field. We give below a verification of these results using secondorder perturbation theory to calculate the population in the state l3). Assume that our system (three-level atom and squeezed reservoir) is described by the state vector sume is defined in the squeezed state as' lr(~), q (a~) ) =S(r(a~), y(~) ) lo), 
The density operator W(t) can be defined from (Al) as
where W(0) = l 1 ) ( 1 I3 p~, and pi, is the density operator for the squeezed reservoir. Applying perturbation theory to the unitary operator (A2) and including only the twophoton terms, we have where S(r(co), y(co)) is the multimode squeezing operator given by S(r(ai), y(a~) ) -2iq(~~) =exp devoir(coi")a(coi")a(2' co& )e --H. c. At a low intensity of the squeezed-vacuum field (N ((I), with Ml =N(N+1) and b, -+0, from Eq.
(A12) we have the result & ( ), q( )I+'(t, )@'(t,)@(t,)@(t,)l ( ), q( )) = lMl'e ' ' 5(t, t, )5(t, t, )--+2N'5(t, t, )5(t, t, ), --
In this case the population p33(t) linearly depends on N, which confirms our result in Sec. III. For a large detuning 6, from (A12) we get where for simplicity we have supposed that M, N are approximately independent of frequency.
Substituting (Al 1) into (A9) we arrive at p»(t) =2y, y2N t
In this case the population p33(t) shows a quadratic dependence on X, just as it does for the interaction with the thermal field. In all above calculations we have assumed that the atom interacts with a one-dimensional squeezed-vacuum field. It is not difficult to repeat all the above calculations with the Hamiltonian (I-22) for the three-dimensional vacuum field, in which only those modes are squeezed whose wave vectors lie inside a solid angle Q over which squeezing is propagated.
These calculations lead to a population in level~3) given by M p33(t) =2y iy2U (8) 
where v(8) is given by Eq. (I-34).
In this case the population p33(t) shows the same behaviour, as a function of N, as for the one-dimensional squeezed vacuum field. This confirms our conclusion in Sec. IV that the linear dependence of the population p33 on the intensity of the squeezed field is not affected by the presence of the unsqueezed modes, provided the intensity is sufficiently low.
APPENDIX B
In this appendix we estimate the order of magnitude of the 51 and 5, 2= -521 parameters that are due to the interaction with a squeezed-vacuum field, which is assumed to be on two-photon resonance.
For a one-dimensional squeezed vacuum field these parameters are defined in Eq. (I-21) To evaluate these integrals we need to assume some spectral form for the squeezing parameters N(coi") and M(coi ).
We will use as a typical example the squeezing spectrum at the output of a nondegenerate parametric oscillator' tuned to resonance with the atomic transition frequencies c01 and c02. ' 2 N(co&)= g (co&co, ) +I 2 (B3) (~2co;) +I M(c02)= g i=1 (co&co;) +I (coico;) +I (B4)
The intensity spectrum N(co&) and squeezing correlation M(co&) associated with the parametric modes at co, and co2 equals the difference and sum, respectively, of two Lorentzians centered at co&=co;, with widths I and I and weights A and A, giving four Lorentzians in all.
We assume a small squeezing bandwidth relative to the carrier frequency co, which is typical for the output of a nondegenerate parametric oscillator. This assumption is equivalent to I /co«1 and I /co«1. Of course, it is also necessary that I /y && 1 to obtain Markovian results. 
Since co/I ))1 and co/1 ))1 then 5/(45 + I ) ((1and we can neglect the parameters 5, and 5,2.
